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Abstract
This paper studies the limit of a pullback diagram in the coarse category.
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0 Introduction
The coarse category1 is not concrete and is therefore not equipped with a faithful functor to the
category of sets.
Nonetheless finite coproducts exist in the coarse category [1], [2]. They can be characterized
as coarse covers in which every two elements are coarsely disjoint. Most boundaries on coarse
spaces preserve finite coproducts [1], [3], [4], [5].
Conversely products do not exist in the coarse category. In fact the coarse category does not
even have a final object. The coarse product of two coarse spaces X,Y is the product of sets
X × Y equipped with the pullback coarse structure from X,Y and the projection maps. Note
the projection maps are not coarse maps. Thus although the coarse product is well defined up
to coarse equivalence it is not a product in the strict category sense.
Now we introduce a pullback diagram in the coarse category, the limit of which is called the
asymptotic product. The coarse version of the point, Z+ the positive integers, is unfortunately
1The coarse category consists of coarse spaces as objects and coarse maps modulo close as morphisms.
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not a final object in the coarse category. Nonetheless we look at a pullback diagram of metric
spaces
Y
d(·,q)

X
d(·,p)
// Z+.
Here p ∈ X, q ∈ Y are fixed points. The pullback of this diagram is called X ∗ Y . It exists if the
spaces X,Y are nice enough as studied in Lemma 27. Indeed we only need Y to be a coarsely
proper coarsely geodesic metric space.
IfX,Y are hyperbolic proper geodesic metric spaces thenX∗Y is hyperbolic coarsely geodesic
coarsely proper by [6], therefore its Gromov boundary ∂(X ∗ Y ) is defined. The paper [6] shows
there is a homeomorphism
∂(X ∗ Y ) = ∂(X)× ∂(Y ).
Therefore the asymptotic product is indeed a product on the Gromov boundary. Thus the
terminology product is justified.
Equipped with the asymptotic product we can define a coarse version of homotopy. The
coarse version of an interval is denoted by ̥([0, 1]). Then a coarse homotopy is defined to be a
coarse map
H : X ∗̥([0, 1])→ Y.
Here ∗ refers to the asymptotic product and X,Y are metric spaces. There is an equivalent
definition of coarse homotopy in Definition 35 using a parameter that varies. The paper [7]
studies homotopy extension properties for a similar homotopy theory.
1 Metric Spaces
Definition 1. Let (X, d) be a metric space. Then the coarse structure associated to d on X
consists of those subsets E ⊆ X2 for which
sup
(x,y)∈E
d(x, y) <∞.
We call an element of the coarse structure entourage. In what follows we assume the metric d to
be finite for every (x, y) ∈ X2.
Definition 2. A map f : X → Y between metric spaces is called coarse if
• E ⊆ X2 being an entourage implies that f×2(E) is an entourage (coarsely uniform);
• and if A ⊆ Y is bounded then f−1(A) is bounded (coarsely proper).
Two maps f, g : X → Y between metric spaces are called close if
f × g(∆X)
is an entourage in Y . Here ∆X denotes the diagonal in X
2.
Notation 3. A map f : X → Y between metric spaces is called
• coarsely surjective if there is an entourage E ⊆ Y 2 such that
E[im f ] = Y ;
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• coarsely injective if for every entourage F ⊆ Y 2 the set (f×2)−1(F ) is an entourage in X .
Two subsets A,B ⊆ X are called not coarsely disjoint if there is an entourage E ⊆ X2 such that
the set
E[A] ∩ E[B]
is not bounded.
Remark 4. We study metric spaces up to coarse equivalence. A coarse map f : X → Y between
metric spaces is a coarse equivalence if
• There is a coarse map g : Y → X such that f ◦ g is close to idY and g ◦ f is close to idX .
• or equivalently if f is both coarsely injective and coarsely surjective.
The coarse category consists of coarse (metric) spaces as objects and coarse maps modulo close
as morphisms. Coarse equivalences are the isomorphisms in this category.
2 Coarsely proper coarsely geodesic metric Spaces
Notation 5. If X is a metric space we write
B(p, r) = {x ∈ X : d(x, p) ≤ r}
for a point p ∈ X and r ≥ 0. If we did not specify a coarse space we write
E(Y, r) = {(x, y) ∈ Y 2 : d(x, y) ≤ r}
for Y a metric space and r ≥ 0.
This is [8, Definition 3.D.10]:
Definition 6. (coarsely proper) A metric space X is called coarsely proper if there is some
R0 > 0 such that for every bounded subset B ⊆ X the cover⋃
x∈B
B(x,R0)
of B has a finite subcover.
Remark 7. (proper)
• A metric space X is proper if the map
rp : X → R+
x 7→ d(x, p)
is a proper 2 continuous map for every p ∈ X .
• Every proper metric space is coarsely proper. A coarsely proper metric space is proper if
it is complete.
• If X has a proper metric then the topology of X is locally compact.
2as in the reverse image of compact sets is compact
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Lemma 8. • If f : X → Y is a coarse map between metric spaces and X ′ ⊆ X a coarsely
proper subspace then
f(X ′) ⊆ Y
is coarsely proper.
• being coarsely proper is a coarse invariant.
Proof. • Suppose R0 > 0 is such that every bounded subset of X ′ can be covered by finitely
many R0-balls. Because f is a coarsely uniform map there is some S0 > 0 such that
d(x, y) ≤ R0 implies d(f(x), f(y)) ≤ S0. We show that f(X ′) is coarsely proper with
regard to S0.
Let B ⊆ f(X ′) be a bounded subset. Then f−1(B) is bounded in X thus there is a finite
subcover of
⋃
x∈B B(x,R0) which is
f−1(B) = B(x1, R0) ∪ · · · ∪B(xn, R0).
But then
B = f ◦ f−1(B)
= f(B(x1, R0) ∪ · · · ∪B(xn, R0))
= f(B(x1, R0)) ∪ · · · ∪ f(B(xn, R0))
⊆ B(f(x1), S0) ∪ · · · ∪B(f(xn), S0)
is a finite cover of B with S0-balls.
• Suppose f : X → Y is a coarsely surjective coarse map between metric spaces and that X
is coarsely proper. We show that Y is coarsely proper:
By point 1 the subset im f ⊆ Y is coarsely proper. Suppose im f is coarsely proper with
regard to R0 ≥ 0 and suppose K ≥ 0 is such that E(Y,K)[im f ] = Y , we show that Y is
coarsely proper with regard to R0 +K.
Let B ⊆ Y be a bounded set. Then there are x1, . . . , xn such that
B ∩ im f ⊆ B(x1, R0) ∪ · · · ∪B(xn, R0)
and then
B ⊆ B(x1, R0 +K) ∪ · · · ∪B(xn, R0 +K).
Example 9. Note that every countable group is a proper metric space.
The following definition can also be found on [8, p. 10]:
Definition 10. (coarsely connected) Let X be a metric space.
• Let x, y ∈ X be two points. A finite sequence of points a0, . . . , an in X is called a c-path
joining x to y if x = a0, y = an and d(ai, ai+1) ≤ c for every i.
• then X is called c-coarsely connected if for every two points x, y ∈ X there is a c-path
between them
4
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• the space X is called coarsely connected if there is some c ≥ 0 such that X is c-coarsely
connected.
Example 11. Not an example:
{2n : n ∈ N} ⊆ Z+.
Lemma 12. Being coarsely connected is invariant by coarse equivalence.
Proof. Note that this is [8, Proposition 3.B.7]. The argument for the proof can be found in [8,
Proposition 3.B.4]. For the convenience of the reader we recall it:
If f : X → Y is a coarsely surjective coarse map and X is coarsely connected we will show
that Y is coarsely connected. Suppose X is c-coarsely connected. Let y, y′ be two points in Y .
Note that by coarse surjectivity of f there is some K ≥ 0 such that E(Y,K)[im f ] = Y . And by
coarseness of f there is some d ≥ 0 such that f2(E(X, c)) ⊆ E(Y, d). Now denote by
e = max(K, d).
Choose points x, x′ ∈ X such that d(y, f(x)) ≤ K and d(y′, f(x′)) ≤ K and a c-path x =
a0, a1, . . . , an = x
′. Then
y, f(x), f(a1), . . . , f(x
′), y′
is an e-path in Y joining y to y′. Thus Y is e-coarsely connected which implies that Y is coarsely
connected.
Example 13. By [8, Proposition 4.B.8] a countable group is coarsely connected if and only if it
is finitely generated.
This one is [8, Definition 3.B.1(b)]:
Definition 14. (coarsely geodesic) A metric space X
• is called c-coarsely geodesic if it is c-coarsely connected and there is a function
Φ(X, c) : R+ → N
(called the upper control) such that for every x, y ∈ X there is a c-path x = a0, . . . , an = y
such that
n+ 1 ≤ Φ(X, c)(d(x, y)).
• the space X is called coarsely geodesic if there is some c ≥ 0 such that X is c-coarsely
geodesic.
Lemma 15. Being coarsely geodesic is a coarse invariant.
Proof. Suppose that f : X → Y is a coarse equivalence between metric spaces and that X is
c-coarsely geodesic. We proceed as in the proof of Lemma 12, using the same notation:
1. There is a constant K ≥ 0 such that E(Y,K)[im f ] = Y ;
2. there is a constant d ≥ 0 such that f×2(E(X, c)) ⊆ E(Y, d). By the proof of Lemma 12
the space Y is e = max(K, c)−coarsely connected.
3. For every r ≥ 0 there is some s ≥ 0 such that
(f×2)−1(E(Y, r)) ⊆ E(X, s)
we store the association r 7→ s in the map ϕ : R+ → R+.
5
3 GEODESIFICATION Elisa Hartmann
Define
Φ(Y, e) : R+ → N
r 7→ Φ(X, c) ◦ ϕ(r + 2K) + 2.
Then Φ(Y, e) is an upper bound for Y : Let y, y′ ∈ Y be two points. Consider the same e−path
y, f(x), a1, . . . , f(x
′), y as in the proof of Lemma 12 with the additional condition that n + 1 ≤
Φ(X, c). Then d(y, y′) ≤ r implies that d(f(x), f(x′)) ≤ r + 2K which implies d(x, x′) ≤ ϕ(r +
2K).
Thus Y is e−coarsely geodesic which implies that Y is coarsely geodesic.
Example 16. Note that by [8, Proposition 1.A.1] every finitely generated group is coarsely
geodesic.
3 Geodesification
Lemma 17. If X is a coarsely proper metric space then there exists a countable R-discrete for
some R > 0 subset (xi)i ⊆ X such that the inclusion (xi)i → X is a coarse equivalence.
Proof. Suppose X is R0-coarsely proper. Fix a point x0 ∈ X . Then
X =
⋃
i
B(x0, i)
is a countable union of bounded sets. Now for every i there are xi1, . . . , xini such that
B(x0, i) ⊆ B(xi1, R0) ∪ · · · ∪B(xini , R0)
Then (xij)ij ⊆ X is countable and the inclusion (xij)ij is R0-coarsely surjective. If ε > 0 small
enough then we can inductively choose a subset S ⊆ (xij)ij that is ε-discrete and the inclusion
S → X is R0 + ε-coarsely surjective.
This is a variation of [8, Definition 3.B.5]:
Definition 18. (c-geodesification) Let X be a coarsely proper c-coarsely connected metric
space. By Lemma 17 we can assume X is countable. Define a total order < on the points in X .
We define the c-geodesification X¯gc of X to be the geometric realization of the following simplicial
1−complex:
• X0 consists of every x ∈ X .
• X1 : there is an edge e(x, y) if d(x, y) ≤ c and x < y.
Note that X¯gc is another name for the 1−skeleton of the c-Rips simplicial complex Rips
1
c(X) of
X .
Lemma 19. If X is a coarsely proper c-coarsely connected metric space
• the map
ϕc : X¯
g
c → X
t ∈ e(x, y) 7→
{
x d(t, x) ≤ d(t, y)
y d(t, y) < d(t, x)
is a coarsely surjective coarse map.
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• If X is a c-coarsely geodesic metric space then ϕc is a coarse equivalence
Proof. • We show ϕc is coarsely surjective coarse: The map ϕc is surjective hence ϕc is
coarsely surjective.
Now we show ϕc is coarsely uniform: let n ∈ N be a number. Then for every t, s ∈ X¯g
the relation d(t, s) ≤ n implies that for the two adjacent vertices x, y (d(x, t) ≤ 1/2 and
d(y, s) ≤ 1/2) the relation d(x, y) ≤ n+ 1 holds in X¯gc . But that means there is a c-path
of length n+ 1 in X joining x to y. Thus
d(ϕc(t), ϕc(s)) = d(x, y)
≤ (n+ 1)c
in X .
Now we show the map ϕc is coarsely proper: If B ⊆ X is bounded there are x ∈ X and
R ≥ 0 such that B ⊆ B(x,R). Choose some n such that nc ≥ R. Then
ϕ−1c (B) ⊆ B(x, n+ 1/2).
is bounded in X¯gc .
• We show ϕc is coarsely injective: Let k ≥ 0 be a number. Then d(x, y) ≤ k implies that
there is a c-path joining x to y with length at most Φ(X, c)(k). Then for any s ∈ ϕ−1c (x), t ∈
ϕ−1c (y) the relation
d(s, t) ≤ Φ(X, c)(k) + 1
holds.
4 Coarse Rays
In [9] every metric space that is coarsely equivalent to Z+ is called a coarse ray. We keep with
that notation:
Definition 20. (coarse ray) If X is a metric space a sequence (xi)i ⊆ X is called a coarse ray
in X if there is a coarsely injective coarse map ρ : Z+ → X such that xi = ρ(i) for every i.
Lemma 21. If X is a c-coarsely geodesic metric space, (xi)i a sequence in X and if for every
i < j the sequence
xi, . . . , xj
is a c-path such that Φ(X, c)(d(xi, xj)) ≥ |i− j|+ 1 then the association
i 7→ ri
defines a coarsely injective coarse map ρ : Z+ → X.
Proof. We show that ρ is coarsely injective coarse:
1. ρ is coarsely uniform: Let n ∈ N be a number. Then for every i, j ∈ Z+ if |i− j| ≤ n then
d(xi, xj) ≤ cn.
2. ρ is coarsely injective: Let k ≥ 0 be a number. Then d(xi, xj) ≤ k implies |i − j| ≤
Φ(X, c)(k)− 1 for every ij.
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Proposition 22. If X is a coarsely geodesic coarsely proper metric space and
• if X is not bounded then there is at least one coarse ray in X.
• in fact if (xi)i is a sequence in X that is not bounded then there is a subsequence (xik)k
that is not bounded, a coarse ray (ri)i and an entourage E ⊆ X2 such that
(xik )k ⊆ E[(ri)i].
Remark 23. Point 1 is the same as [9, Lemma 4]. The proof is quite different though.
Proof. SupposeX is coarsely proper with regard to R0 and c-coarsely geodesic. We will determine
a sequence (Vi)i of subsets of X and a sequence (ri)i of points in X .
Define r0 = x0 and V0 = X .
Then define for every y ∈ X the number d0(y) to be the minimal length of a c-path joining
x0 to y.
We define a relation on the points of X : y ≤ z if d0(y) ≤ d0(z) and y lies on a c-path of
minimal length joining x0 to z. This makes (X,≤) a partially ordered set.
for every i ∈ N do:
Denote by
Ci = {x ∈ X : d0(x) = i}.
There are y1, . . . , ym ∈ X such that
Ci = B(y1, R0) ∪ · · · ∪B(ym, R0).
Now (xi)i ∩ Vi−1 is not bounded and Vi−1 is coarsely geodesic. Thus for every n ∈ N there is
some xnk ∈ Vi−1 with d0(xnk) ≥ n+ i.
Then there is one of j = 1, . . . ,m such that for infinitely many n ∈ N: there is y ∈ B(yj , R0)
such that y ≤ xnk . Then define
Vi := {x ∈ Vi−1 : ∃y ∈ B(yj , R0) : y ≤ x}.
Note that Vi is coarsely geodesic and that Vi ∩ (xi)i is not bounded.
Define ri := yj.
We show that (ri)i and E = E(X,R0) have the desired properties:
The set (ri)i is a coarse ray: for every i the sequence
r0, . . . , ri
is R0-close to a c-path of minimal length which implies that every subsequence is R0-close to a
c-path of minimal length.
The set
P :=
⋃
i
Vi ∩Ci
contains infinitely many of the (xi)i and (ri)i is R0-coarsely dense in P . Thus the result.
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5 Asymptotic Product
Lemma 24. If X is a metric space, fix a point p ∈ X, then
rp : X → Z+
x 7→ ⌊d(x, p)⌋
is a coarse map.
Proof. 1. rp is coarsely uniform: Let k ≥ 0. Then for every (x, y) ∈ X2 with d(x, y) ≤ k:
|⌊d(x, p)⌋ − ⌊d(y, p)⌋| ≤ d(x, y) + 2
≤ k + 2.
2. rp is coarsely proper: Let B ⊆ Z+ be a bounded set. Then there is some l ≥ 0 such that
B ⊆ B(l, 0). Then r−1p (B(l, 0)) = B(l, p) is a bounded set which contains r
−1
p (B).
Definition 25. (asymptotic product) IfX is a metric space and Y a coarsely geodesic coarsely
proper metric space then the asymptotic product 3 X ∗ Y of X and Y is a subspace of X × Y :
• fix points p ∈ X and q ∈ Y and a constant R ≥ 0 large enough.
• then (x, y) ∈ X ∗ Y if
|dX(x, p)− dY (y, q)| ≤ R.
We define the projection pX : X ∗ Y → X by (x, y) 7→ x and the projection pY : X ∗ Y → Y by
(x, y) 7→ y. Note that the projections are coarse maps.
Lemma 26. The asymptotic product X ∗ Y of two metric spaces where Y is coarsely geodesic
coarsely proper is well defined. Another choice of points p′ ∈ X, q′ ∈ Y and constant R′ ≥ 0
large enough gives a coarsely equivalent space.
Proof. Suppose Y is c−coarsely geodesic.
We can rephrase Definition 25 by defining coarse maps
t : X → Z+
x 7→ dX(x, p)
and
s : Y → Z+
y 7→ dY (y, q)
and an entourage
E = {(x, y) : |x− y| ≤ R}
⊆ Z2+.
Then
X ∗ Y = (t× s)−1(E).
3We guess this notion first appeared in [10, chapter 3] and kept with the notation.
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Another choice of points p′ ∈ X, q′ ∈ Y and constant R′ ≥ 0 defines coarse maps t′ : X → Z+
and s′ : Y → Z+ and an entourage E
′ ⊆ Z2+ in much the same way.
Define
R′′ = d(p, p′) + d(q, q′) +R
If (x, y) ∈ (t× s)−1(E) then
|d(p′, x)− d(q′, y)| ≤ |d(p′, x)− d(p, x)|+ |d(p, x) − d(q, y)|+ |d(q, y)− d(q′, y)|
≤ d(p, p′) +R+ d(q, q′)
= R′′
If E′′ ⊆ Z2+ is associated to R
′′ then (x, y) ∈ (s′ × t′)−1(E′′). Thus we have shown that X ∗ Y is
independent of the choice of points if X ∗Y is independent of the choice of constant. The second
we are going to show now.
Now we can assumeR is larger thanR′ but not by much. Explicitely we requireR ≤ 2R′−c−2.
We show that the inclusion
i : (t× s)−1(E′)→ (t× s)−1(E)
is a coarse equivalence. It is a coarsely injective coarse map obviously.
We show i is coarsely surjective. Assume the opposite: there is a sequence (xi, yi)i ⊆ (s ×
t)−1(E) such that (xi, yi)i is coarsely disjoint to (s × t)−1(E′). By Proposition 22 there is a
coarsely injective coarse map ρ : Z+ → Y , a number S ≥ 0 and subsequences (ik)k ⊆ N, (lk)k ⊆
Z+ such that
d(yik , ρ(lk)) ≤ S
for every k. Without loss of generality we can assume that ρ(0) = q and d(q, ρ(k)) = kc for every
k. Now for every k:
|d(yik , q)− d(xik , p)| ≤ R.
Then there is some zk ∈ Z+ such that |d(yik , q) − zk| ≤ R
′ and |d(xik , p) − zk| ≤ R
′ − c. Then
for every k there is some jk such that
|d(ρ(jk), q)− zk| ≤ c.
Now
d(ρ(jk), ρ(lk)) = |d(ρ(jk), q)− d(ρ(lk), q)|
≤ |d(ρ(jk), q)− zk|+ |zk − d(ρ(lk), q)|
≤ c+R′ + S
for every k. And
|d(ρ(jk), q)− d(xik , p)| ≤ |d(ρ(jk), q)− zk|+ |d(xik , p)− zk|
≤ c+R′ − c
= R′.
Thus (ρ(jk), xik )k ⊆ (t × s)
−1(E′) and d((ρ(jk), xik ), (yik , xik)) ≤ c + R
′ + 2S for every k a
contradiction to the assumption.
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Lemma 27. Let X be a metric space and Y a coarsely geodesic coarsely proper metric space.
Then
X ∗ Y
pX

pY
// Y
d(·,q)

X
d(·,p)
// Z+
is a limit diagram in the coarse category. Note that we only need the diagram to commute up to
closeness.
Proof. Suppose X ∗ Y has constant Q. Let f : Z → X and g : Z → Y be two coarse maps from
a coarse space Z such that there is some R ≥ 0 such that
|d(f(z), p)− d(g(z), q)| ≤ R.
Assume for a moment there exists a K ≥ 0 such that for every z ∈ Z there is g¯(z) ∈ Y with
1. |d(f(z), p)− d(g¯(z), q)| ≤ c
2. d(g¯(z), g(z)) ≤ K
Then define
〈f, g〉 : Z → X ∗ Y
z 7→ (f(z), g¯(z)).
This map is a coarse map:
• 〈f, g〉 is coarsely uniform: If E ⊆ Z2 is an entourage then f×2(E) ⊆ X2, g×2(E) ⊆ Y 2
are entourages. Since g¯ is close to g the set g¯×2(E) is an entourage. Then 〈f, g〉×2(E) ⊆
f×2(E)× g¯×2(E) is an entourage.
• 〈f, g〉 is coarsely proper: If B ⊆ X ∗ Y is bounded then p1(B), p2(B) are bounded. Then
〈f, g〉−1(B) ⊆ f−1 ◦ p1(B) ∪ g¯
−1 ◦ p2(B)
is bounded since f, g and thus g¯ are coarsely proper.
Also pX ◦ 〈f, g〉 = f and pY ◦ 〈f, g〉 ∼ g.
Suppose there is another coarse map h : Z → X ∗ Y with the property that pX ◦ h ∼ f and
pY ◦ h ∼ g. Then
〈f, g〉 ∼ 〈pX ◦ h, pY ◦ h〉
= h
are close.
Now we prove the above assumption by assuming the opposite: There does not exist a K ≥ 0
such that for every z ∈ Z there is g¯(z) with 1. and 2. satisfied. Then there exists an unbounded
sequence (zi)i ⊆ Z such that (f(zi), g(zi))i ⊆ X × Y is coarsely disjoint to X ∗ Y . Since
(f(zi), g(zi))i is a subset of X ∗Y with constant R > Q and by Lemma 26 the inclusion of X ∗Y
with constant Q to X ∗Y with constant R is coarsely surjective this leads to a contradiction.
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Lemma 28. For every metric space X there is a coarse equivalence
X → X ∗ Z+.
Proof. easy.
Lemma 29. If X,Y are proper metric spaces and Y is coarsely geodesic then X ∗ Y is a proper
metric space.
Proof. We show that X × Y is a proper metric space. If B ⊆ X × Y is bounded then the
projections BX of B to X and BY of B to Y are bounded. But X,Y are proper thus BX , BY
are relatively compact. Then
B ⊆ BX ×BY
is relatively compact. Thus X × Y is proper. But X ∗ Y ⊆ X × Y is a closed subspace.
6 Homotopy
Definition 30. Let T be a metric space then
̥(T ) = T × Z+
is a metric space with metric
d((x, i), (y, j)) =
√
i2 + j2 − (2− dT (x, y)2)ij.
Note that we impose that Z+ does not contain 0 thus d is a well defined metric.
Remark 31. A countable subset ((xi, ni), (yi,mi))i ⊆ ̥(T )2 is an entourage if
1. the set (ni,mi)i is an entourage in Z+
2. and if ni →∞ then there is some constant c ≥ 0 such that d(xi, yi) ≤ c/ni
Definition 32. (coarse homotopy) Denote by [0, 1] the unit interval with the standard eu-
clidean metric d[0,1]. Let X be a metric space and let Y be a coarse space.
• Two coarse maps f, g : X → Y are said to be coarsely homotopic if there is a coarse map
h : X ∗̥([0, 1])→ Y such that f is the restriction of h to X ∗̥(0) and g is the restriction
of h to X ∗̥(1).
• A coarse map f : X → Y is a coarse homotopy equivalence if there is a coarse map
g : Y → X such that f ◦ g is coarsely homotopic to idY and g ◦ f is coarsely homotopic to
idX .
• Two coarse spacesX,Y are called coarsely homotopy equivalent if there is a coarse homotopy
equivalence f : X → Y .
Remark 33. There are other notions of homotopy in the coarse category but they differ from
that one.
Lemma 34. If two coarse maps f, g : X → Y between metric spaces are close then they are
coarsely homotopic.
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Proof. We define a homotopy h : X ∗̥([0, 1])→ Y between f and g by
h(x, (0, i)) = f(x)
and for 1 ≥ t > 0:
h(x, (t, i)) = g(x).
We show that h is a coarse map:
1. h is coarsely uniform: if ti → 0 in [0, 1] such that d(ti, 0) ≤ 1/i and (xi)i ⊆ X a sequence
of points then
h((xi, (ti, i)), (xi, (0, i)) = {(f(xi), g(xi)) : i}
is an entourage.
2. h is coarsely proper because f, g are.
Definition 35. (coarse homotopy 2) Let X,Y be coarsely geodesic coarsely proper metric
spaces.
• A coarse homotopy is a family of coarse maps (ht : X → Y )t indexed by [0, 1] with the
property that if (ti)i ⊆ [0, 1] converges to t ∈ [0, 1] such that there is a constant c > 0 such
that |t− ti| < c/i then for every coarsely injective coarse map ρ : Z+ → X the set
{(hti ◦ ρ(i), ht ◦ ρ(i)) : i ∈ Z+}
is an entourage in Y .
• two coarse maps f, g : X → Y are coarsely homotopic if there is a coarse homotopy
(ht : X → Y )t such that f = h0 and g = h1.
Proposition 36. If X is a coarsely geodesic coarsely proper metric space then Definition 35 of
coarse homotopy agrees with Definition 32 of coarse homotopy.
Proof. Let there be a coarse map h : X ∗̥([0, 1])→ Y . First of all for every x ∈ X choose some
ix such that (x, (t, ix)) ∈ X ∗̥([0, 1]). Then we define
ht(x) = h(x, (t, ix))
for every t ∈ [0, 1]. Note that ht is a coarse map because it is a restriction of h to a subspace
and h is a coarse map. Now suppose (ti)i ⊆ [0, 1] converges to t ∈ [0, 1] such that |ti − t| < 1/i
and ϕ : Z+ → X is a coarse map. Then
ϕi : Z+ → Z+
i 7→ iϕ(i)
is a coarse map. But
((ϕ(i), (ti, iϕ(i))), (ϕ(i), (t, iϕ(i))))i
is an entourage and h is a coarse map. Thus (ht : X → Y )t is a coarse homotopy.
Let there be a family of coarse maps (ht : X → Y )t with the above properties. Then
h : X ∗̥([0, 1])→ Y
(x, (t, i)) 7→ ht(x)
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is a coarse map: h is coarsely uniform:
Let ((xn, tn, in), (yn, sn, jn))n ⊆ (X ∗̥([0, 1]))
2 be a countable entourage. That means both
(xn, yn)n ⊆ X2 and ((tn, in), (sn, jn))n ⊆ ̥([0, 1])2 are entourages.
Assume the opposite. Then there is a subsequence (nk)k such that
h×2(((xnk , tnk , ink), (ynk , snk , jnk))k
is an unbounded coentourage. By Proposition 22 there are coarsely injective coarse maps ρ, σ :
Z+ → X and subsequences (mk)k ⊆ (nk)k and (lk)k ⊆ N such that xmk = ρ(lk), ymk = σ(lk)
and
(ρ(lk), σ(lk))k
is an entourage in X . Note that
h×2((ρ(lk), t,mk), (σ(lk), t,mk))
is an entourage in Y .
Now there is some constant c > 0 and t ∈ [0, 1] such that |ti − t| ≤ c/i for every i. Thus by
Definition 35 the set
h×2((ρ(lk), tmk , imk), (ρ(lk), t, imk))k
is an entourage in Y . Similarly there is some constant d > 0 such that |si − t| ≤ d/i for every i.
Then
h×2((σ(lk), t, imk), (σ(lk), smk , imk))k
is an entourage in Y .
Combining the two previous arguments the set
h×2((ρ(lk), tmk , imk), (σ(lk), smk , imk))k
is an unbounded entourage in Y . This is a contradiction to the assumption.
h is coarsely proper:
If B ⊆ Y is bounded then
h−1(B) =
⋃
t
(h−1t (B) ∗ (t× Z+))
we show
⋃
t h
−1
t (B) is bounded:
Assume the opposite. Then there is an unbounded sequence (bti)i ⊆
⋃
t h
−1
t (B), here bti ∈
h−1ti (B) for every ti. We can assume that every bounded subsequence is finite. By Proposition 22:
there is a coarsely injective coarse map ρ : Z+ → X and subsequences (nk)k, (mk)k ⊆ N such
that btn
k
= ρ(mk) for every k.
Now there is a subsequence (lk)k ⊆ (nk)k and some constant c > 0 such that (tlk)k converges
to t ∈ [0, 1] and |tlk − t| ≤ c/k. By Definition 35 the set
(htl
k
◦ ρ(mk), ht ◦ ρ(mk))k
is an entourage. Then ht(btl
k
) is not bounded which is a contradiction to the assumption.
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7 Acyclic Spaces
There is a notion of flasque spaces for which most coarse cohomology theories vanish. Let us
translate [11, Definition 3.6] into coarse structure notation:
Definition 37. A coarse space X is called flasque if there is a coarse map φ : X → X such that
• φ is close to the identity on X ;
• for every bounded set B ⊆ X there is some NB ∈ N such that
φ◦n(X) ∩B = ∅
for every n ≥ NB.
• For every entourage E the set
⋃
n(φ
◦n)×2(E) is an entourage.
Theorem 38. If X is a flasque space then there is a coarse homotopy equivalence
Φ : X × Z+ → X
(x, i) 7→ φ◦i(x).
Here φ◦0 denotes the identity on X.
Proof. We show that the coarse homotopy inverse to Φ is
i0 : X → X × Z+
x 7→ (x, 0).
Now Φ ◦ i0 = idX .
We show that i0 ◦ Φ and idX×Z+ are coarsely homotopic: Define a map
h : (X × Z+) ∗̥([0, 1])→ X × Z+
((x, i), (t, j)) 7→ (φ◦⌊ti⌋(x), ⌊(1 − t)i⌋).
We show that h is a coarse map:
1. h is coarsely uniform: let E ⊆ ((X × Z+) ∗ ̥([0, 1]))2 be an entourage. Denote by pX :
X ×Z+ → X and pZ+ : X ×Z+ → Z+ the projections to X,Z+, both pX , pZ+ are coarsely
uniform maps. We show p×2X ◦ h
×2(E) is an entourage and p×2
Z+
◦ h×2(E) is an entourage.
Note:
p×2X ◦ h
×2(E) ⊆
⋃
n
(φ◦n)2(E)
is an entourage. If i, j ∈ Z+, t, s ∈ [0, 1] then
|⌊(1 − t)i⌋ − ⌊(1− s)j⌋| ≤ |(1− t)i− (1 − s)j|+ 2
≤ |i− j|+ 2
Thus p×2
Z+
◦ h×2(E) is an entourage.
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2. h is coarsely proper: Let B ⊆ X × Z+ be a bounded subset. We write
B =
⋃
i
Bi × i
which is a finite union. Then for every i there is some Ni such that
φ◦n(X) ∩Bi = ∅
for every n ≥ Ni. We show pX ◦ h−1(B) and pZ+ ◦ h
−1(B) is bounded Then
h−1(B) ⊆ (pX ◦ h
−1(B)× pZ+ ◦ h
−1(B)) ∗̥([0, 1])
is bounded in (X × Z+) ∗̥([0, 1]). Now
pX ◦ h
−1(B) ⊆
⋃
i
(φ◦−0(Bi) ∪ · · · ∪ φ
◦−Ni(Bi))
is bounded in X . If j ∈ pZ+ ◦ h
−1(B) then ⌊tj⌋ ≤ Ni for at least one i. Thus
j ≤ max
i
Ni
therefore pZ+ ◦ h
−1(B) is bounded in Z+.
Example 39. Note that Z+ is flasque by
φ : Z+ → Z+
n 7→ n+ 1.
Thus there is a coarse homotopy equivalence Z2+ → Z+. Now for every n the space Z
n
+ is flasque.
As a result Zn+ is coarsely homotopy equivalent to Z+ for every n.
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